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We establish a linear relation between the a-type Weyl anomaly and the ’t Hooft anomaly
coefficients for the R-symmetry and gravitational anomalies in six-dimensional (1, 0) super-
conformal field theories. For RG flows onto the tensor branch, where conformal symmetry is
spontaneously broken, supersymmetry relates the anomaly mismatch ∆a to the square of a
four-derivative interaction for the dilaton. This establishes the a-theorem for all such flows.
The four-derivative dilaton interaction is in turn related to the Green-Schwarz-like terms that
are needed to match the ’t Hooft anomalies on the tensor branch, thus fixing their relation
to ∆a. We use our formula to obtain exact expressions for the a-anomaly of N small E8
instantons, as well as N M5-branes probing an orbifold singularity, and verify the a-theorem
for RG flows onto their Higgs branches. We also discuss aspects of supersymmetric RG flows
that terminate in scale but not conformally invariant theories with massless gauge fields.
June 2015
Contents
1. Introduction 1
2. Anomaly Matching in Six Dimensions 7
2.1. Anomaly Polynomials . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7
2.2. Matching ’t Hooft Anomalies on the Moduli Space . . . . . . . . . . . . . . . 8
2.3. The Dilaton Effective Lagrangian and the a-Anomaly . . . . . . . . . . . . . 10
3. The a-Theorem for Tensor Branch Flows 12
4. Relating the a-Anomaly to ’t Hooft Anomalies 16
4.1. Rank One Tensor Branches . . . . . . . . . . . . . . . . . . . . . . . . . . . 16
4.2. Tensor Branches of Higher Rank . . . . . . . . . . . . . . . . . . . . . . . . . 19
4.3. A Universal Formula for the a-Anomaly . . . . . . . . . . . . . . . . . . . . 19
5. Example: The Theory of N Small E8 Instantons 20
6. Tensor Branches with Vector Multiplets 22
6.1. Scale and Conformal Invariance on the Tensor Branch . . . . . . . . . . . . . 22
6.2. The a-Theorem for Tensor Branch Flows with Vector Multiplets . . . . . . . 24
6.3. Unitarity Constraints on Tensor Branch Effective Actions . . . . . . . . . . . 25
6.4. Example: The Theory of M5-Branes Probing an Orbifold . . . . . . . . . . . 25
A. Green-Schwarz Mechanism for Chiral Scalars 28
1. Introduction
A basic set of observables that exists for all conformal field theories (CFTs) in even
spacetime dimensions is furnished by the Weyl anomalies, which can be defined through the
anomalous trace of the stress tensor Tµν in the presence of a background metric [1–4],
〈T µµ 〉 ∼ aEd +
∑
i
ciIi , (1.1)
up to scheme-dependent terms. Here Ed is the d-dimensional Euler density, and the Ii are
local Weyl invariants of weight d, whose number depends on the spacetime dimension. The
dimensionless anomaly coefficients a, ci also appear in flat-space correlation functions of Tµν
at separated points.
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The a-anomaly plays an important role in the study of renormalization group (RG) flows.
In two and four dimensions, it was shown that all unitary RG flows between CFTs in the
UV and in the IR satisfy the a-theorem, which states that1
∆a = aUV − aIR > 0 . (1.2)
The two-dimensional version was established in [5]. The four-dimensional a-theorem was
conjectured in [6] and further analyzed in [7, 8]. A proof was presented in [9, 10]. It utilizes
the fact that the anomaly matching conditions for the a-anomaly discussed in [11] lead
to a special Wess-Zumino-like interaction term in the effective action for a (dynamical or
background) dilaton field, which is interpreted as a Nambu-Goldstone (NG) boson for the
spontaneous breaking of conformal symmetry. Another property of the a-anomaly in two and
four dimensions that is closely related to, but independent of (1.2) is that it is non-negative,
a ≥ 0 , (1.3)
and vanishes if and only if the theory has no local degrees of freedom [5, 12].
Prior to [9,10], some of the strongest evidence for the four-dimensional a-theorem came
from supersymmetric RG flows, see for instance [13–17]. For N = 1 superconformal field
theories (SCFTs) in d = 4 dimensions, it was shown in [13] that the a-anomaly is linearly
related to the ’t Hooft anomalies for the U(1)R symmetry,
a =
3
32
(3kRRR − kR) . (1.4)
Here kRRR and kR are the TrU(1)
3
R and TrU(1)R ’t Hooft anomalies, which appear in the
anomaly polynomial,2
I6 =
1
3!
(
kRRR c1(R)
3 + kR c1(R)p1(T )
)
. (1.5)
The formula (1.4) makes it possible to determine the a-anomaly in a large number of strongly
interacting examples, by relying on the calculability of ’t Hooft anomalies.
Given the two- and four-dimensional results summarized above, it is natural to anticipate
similar statements in six dimensions, but the proof of a six-dimensional a-theorem remains an
1 Note that the two-dimensional a-anomaly is usually denoted by c, since it coincides with the Virasoro
central charge. There are no c-type anomalies in two dimensions.
2 See section 2.1 for a brief review of anomaly polynomials.
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open problem. (See [18] and references therein for evidence from holography.) Following [9,
10], the constraints of conformal symmetry on dilaton self-interactions in six dimensions, and
their relation to the a-anomaly, were analyzed in [19, 20], where it was pointed out that ∆a
can in general receive contributions of either sign, even in a unitary theory (see also [21,22]).
The ability to test the six-dimensional a-theorem is limited by the fact that the a-anomaly
has only been computed for a handful of interacting CFTs, and that examples of controlled
RG flows between such theories are scarce.
All known examples of interacting CFTs in six dimensions are supersymmetric and
arise from decoupling limits of string constructions. Nevertheless, they are believed to be
quantum field theories [23,24]. The most well-studied such theories are the maximally super-
symmetric (2, 0) SCFTs constructed in [25–27], which are labeled by an ADE Lie algebra g.
The A-type theories arise on the worldvolume of parallel M5-branes in M-theory [26]. Their
’t Hooft anomalies have been computed in [28–34]. Some of the (2, 0) theories come in in-
finite families that admit a large-N limit with weakly coupled holographic duals, and these
have been used to show that the a-anomaly scales like N3 at leading order in the 1
N
expan-
sion [35]. Some subleading corrections were discussed in [36, 37]. The (2, 0) theories have a
moduli space of vacua on which conformal symmetry is spontaneously broken, and (partially)
moving onto this moduli space induces a non-trivial RG flow.3 The constraints of maximal
supersymmetry on such flows were systematically analyzed in [38], following [19], which lead
to an exact calculation of the a-anomaly for all (2, 0) theories and a proof of the a-theorem
for all RG flows that preserve (2, 0) supersymmetry.
A large class of interacting six-dimensional SCFTs with (1, 0) supersymmetry have been
constructed in string theory, starting with the work of [23,24]. Further examples were studied
using brane constructions [39–43]. Recently, vast landscapes of (1, 0) theories have been
systematically constructed in F-theory [44–46], and a detailed analysis of holographic theories
with (1, 0) supersymmetry was carried out in [47, 48]. Large classes of RG flows in these
examples were studied in [48,49]. All of these flows are induced by moving onto a moduli space
of vacua. This is a general feature of all (1, 0) SCFTs: using superconformal representation
theory, it can be shown that such theories do not contain relevant or marginal operators that
can be used to deform the theory while preserving supersymmetry [50,51] (see also [52]), and
hence all supersymmetric RG flows are necessarily moduli-space flows.
Since all known six-dimensional interacting CFTs are supersymmetric, it has been a
3 One might distinguish RG flows onto the moduli space, where conformal invariance is broken sponta-
neously, from those associated with explicit breaking, which are triggered by adding a relevant operator. In
either case, there is a flow along which one integrates out massive degrees of freedom.
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longstanding expectation (see for instance [31]) that supersymmetry should make it possible
to compute the a-anomaly in these theories by relating it to their ’t Hooft anomalies, in
analogy with the known relations (1.4) in four dimensions. Such a relation is expected to
follow from an anomalous stress-tensor supermultiplet, which embeds the anomalous trace
of the stress tensor in (1.1) into rigid background supergravity. These anomaly multiplets
are currently under investigation [53]. Another ambitious line of attack would be to directly
supersymmetrize the four-point functions of stress-tensors and R-currents, in analogy with
the results of [54] on stress-tensor three-point functions in four dimensions.
In this paper, we assume the existence of a universal linear relation, valid for all (1, 0)
SCFTs, that relates the a-anomaly to the ’t Hooft anomalies. Given this assumption, we
then derive the precise formula by combining the constraints of supersymmetry with those
from anomaly matching for the Weyl and ’t Hooft anomalies. We find that
a =
16
7
(α− β + γ) + 6
7
δ . (1.6)
Here, and throughout the paper, we use a normalization of the a-anomaly, in which a
free (2, 0) tensor multiplet has a = 1. The constants α, β, γ, δ are ’t Hooft anomaly co-
efficients for the SU(2)R symmetry and gravitational anomalies of the theory, which enter
the anomaly polynomial as follows,4
I8 =
1
4!
(
αc22(R) + βc2(R)p1(T ) + γp
2
1(T ) + δp2(T )
)
. (1.7)
In Table 1, we summarize the values of the a-anomaly and the ’t Hooft anomaly coefficients
in (1.7) for all (1, 0) free fields, which are known from [3, 56, 57], as well as for all (2, 0)
theories. The negative value of a for a free vector multiplet, which is not a CFT, is obtained
by naively applying (1.6). Its meaning will be discussed in detail below.
In section 2, we begin by reviewing aspects of anomalies and anomaly matching in six-
dimensional (1, 0) theories. In particular, we review the Green-Schwarz (GS) like anomaly
matching mechanism for ’t Hooft anomalies on the tensor branch described in [32, 34, 55].
For the case of a single tensor multiplet, a GS term of the form5
− iB ∧X4 ⊂ L , X4 ∼ x c2(R) + y p1(T ) , (1.8)
4 We follow the conventions of [34, 55] for anomaly polynomials and characteristic classes.
5 The factor of i is due to the fact that we are working in Euclidean signature.
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Theory α β γ δ a
Hypermultiplet 0 0 7
240
− 1
60
11
210
Tensor multiplet 1 1
2
23
240
−29
60
199
210
Vector multiplet −1 −1
2
− 7
240
1
60
“−251
210
”
(2, 0) Theory with algebra g h∨g dg + rg
1
2
rg
1
8
rg −12rg 167 h∨g dg + rg
Table 1: ’t Hooft and a-anomalies for known examples. (See section 6 for a detailed discussion
of the vector multiplet.)
contributes a perfect square to the anomaly polynomial,
∆I8 ∼ X4 ∧X4 . (1.9)
As a result, the ’t Hooft anomaly coefficients in (1.7) satisfy
∆α ∼ x2 , ∆β ∼ 2xy , ∆γ ∼ y2 , ∆δ = 0 . (1.10)
In section 2 we also review the results of [19, 20, 58] on the constraints of conformal
symmetry on the dilaton effective Lagrangian in six dimensions. In particular, we recall
that the mismatch ∆a in the a-anomaly arises as the coefficient of a particular six-derivative
interaction term for the dilaton.
In section 3 we analyze the constraints of (1, 0) supersymmetry on the dilaton effective
action for tensor branch flows. While the coefficient b that controls the four-derivative inter-
actions of the dilaton is unconstrained, the six-derivative terms satisfy a non-renormalization
theorem that leads to a quadratic relation of the form
∆a ∼ b2 , (1.11)
with a positive, model-independent proportionality factor that will be discussed in section 3.
An identical quadratic relation was known to hold on the moduli space of (2, 0) SCFTs [19,
20, 38, 59], but it is also valid in theories with (1, 0) supersymmetry. (See also the recent
discussion in [59].) The relation (1.11) immediately implies the a-theorem for RG flows onto
the tensor branch, as was emphasized for (2, 0) theories in [38].
In section 4, we derive the anomaly relation (1.6). As in section 3, we consider RG flows
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onto the tensor branch and show that the changes in the anomaly coefficients along such
flows must satisfy
∆a =
16
7
(∆α−∆β +∆γ) . (1.12)
In order to establish this relation, we couple the theory to background conformal supergravity
fields and use the results of [60] on higher-curvature terms in this supergravity theory. This
reveals a universal linear relation between the GS term (1.8) and the coefficient b that controls
the four-derivative dilaton interactions. Since the former determines ∆α,∆β,∆γ via (1.9)
and the latter is quadratically related to ∆a via (1.11), we obtain (1.12). This only leaves
the coefficient of δ in (1.6) undetermined, which can be fixed by examining the anomalies of
a free hypermultiplet. The known values of the ’t Hooft and a-anomalies for the free tensor
multiplet and the (2, 0) theories in Table 1 constitute non-trivial consistency checks.6
In section 5, we apply our results to compute the a-anomaly for the theory EN of N
small E8 instantons [39], whose anomaly polynomial was computed in [61],
7
a(EN) =
64
7
N3 +
144
7
N2 +
99
7
N . (1.13)
Similarly, the theory TN,Γ of N M5-branes probing a C2/Γ orbifold singularity, whose ’t Hooft
anomalies were obtained in [61], has the following a-anomaly,
a(TN,Γ) =
16
7
N3|Γ|2 − 24
7
N |Γ|(rΓ + 1) +
15
7
N +
251
210
dΓ . (1.14)
This example is discussed in section 6.4. We also verify that ∆a > 0 for some Higgs branch
flows in these theories, which does not automatically follow from our general arguments.
In section 6, we discuss subtleties in the statement and proof of an a-theorem for RG
flows that terminate on tensor branches with vector multiplets. Unlike in four dimensions,
where free gauge fields constitute an ordinary CFT, in six dimensions the free vector field is
scale invariant, but not conformally invariant, i.e. it is an SFT. (See for instance [62].) Such
theories possess a well-defined stress tensor Tµν , but its trace T
µ
µ ∼ Tr(f 2) does not vanish.
(Here f is the field strength). String constructions of six-dimensional field theories suggest
that RG flows from CFTs to free SFTs abound. To formulate an a-theorem for such flows,
we must extend the definition of the a-anomaly to these theories, and we do so by insisting
6 The relation between a and the ’t Hooft anomalies can in principle be determined by fitting a linear
formula using sufficiently many reliable examples. The free theories and the (2, 0) theories can be used to
fix (1.6) up to one undetermined coefficient.
7 We define both the small instanton theory and the orbifold examples to include their free center of mass
modes.
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that (1.6) holds. With this definition, an a-theorem for tensor branch flows continues to
hold, but a may no longer be positive (see for instance the vector multiplet in Table 1).
Nevertheless, the a-anomaly for the UV conformal field theory turns out to be positive in
the examples we consider.
In appendix A, we review the GS mechanism for chiral scalars in two dimensions, to
supplement the six-dimensional discussion in section 2.2.
2. Anomaly Matching in Six Dimensions
In this section we review some necessary background material about anomalies. In
particular, we explain how the SU(2)R and gravitational ’t Hooft anomalies, as well as the a-
type Weyl anomaly, are matched on the tensor and Higgs branches of (1, 0) SCFTs.
2.1. Anomaly Polynomials
Throughout this paper we will work in Euclidean signature. In even spacetime dimen-
sions d = 2n, conventional local anomalies are encoded by a (d + 2)-form Id+2 residing
in d+2 dimensions, which is a polynomial in the Chern and Pontryagin classes of dynamical
or background gauge and gravity fields. (We follow the conventions of [34, 55] for anomaly
polynomials and characteristic classes.) For this reason Id+2 is also known as the anomaly
polynomial. Under a gauge transformation or diffeomorphism δ, the anomalous variation of
the Euclidean effective Lagrangian L , which enters the path integral via e−
∫
L , is given by
δL = 2πi Id . (2.1)
Here Id is a differential d-form polynomial in the gauge and gravity fields, which can be
obtained from Id+2 via the descent procedure [56, 63, 64],
Id+2 = dId+1 , δId+1 = dId , (2.2)
where a subscript p indicates a differential p-form.
Broadly speaking, we can group the terms in the anomaly polynomial as follows,
Id+2 = Igauged+2 + Igravityd+2 + Imixedd+2 . (2.3)
The terms in Igauged+2 are monomials in the Chern classes ck(f) for a dynamical or background
gauge field f ; they are 2k-forms, as well as Casimir invariants of the gauge group. If the
gauge field is dynamical, the theory is only consistent if all of its anomalies vanish or can be
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cancelled. The anomaly corresponding to cd+2(f) is irreducible, i.e. it cannot be cancelled,
and hence it must vanish. Any remaining reducible gauge anomalies should be cancelled,
e.g. by a Higgs or Green-Schwarz (GS) mechanism. Terms in Igauged+2 that only involve back-
ground gauge fields encode ’t Hooft anomalies for global symmetries, which need not cancel.
Instead, they furnish robust observables that are often accessible even in strongly coupled
theories. There can also be mixed anomalies involving dynamical and background gauge
fields, which in general need not cancel either.
The terms in Igravityd+2 are monomials in the Pontryagin classes pk(T ), which are 4k-forms
in the curvature two-form R. (The argument T refers to the tangent bundle.) If gravity is
dynamical, then Igravityd+2 , and any mixed anomalies involving gravity and dynamical gauge
fields, must cancel. In this paper we will discuss quantum field theories; the metric only
appears as a non-dynamical background field, and hence Igravityd+2 need not vanish. Rather,
the gravitational anomalies encoded by Igravityd+2 are analogous to ’t Hooft anomalies for global
symmetries, and the same is true for any mixed anomalies involving the gravity fields.
In this paper we will discuss (1, 0) SCFTs in six dimensions, which always possess
an SU(2)R symmetry. Therefore, the anomaly polynomial of such theories always contains
terms of the form (1.7), which encode the SU(2)R and gravitational anomalies of the theory.
Throughout this paper we will collectively refer to them as the ’t Hooft anomalies of the the-
ory. (Some (1, 0) theories also have flavor symmetries, which give rise to additional ’t Hooft
anomalies; they do not affect our discussion.) The SU(2)R gauge field and its field strength
will be denoted by A and F , respectively. However, as in (1.7), we use the notation c2(R)
rather than c2(F ) for the second Chern class of the R-symmetry bundle.
2.2. Matching ’t Hooft Anomalies on the Moduli Space
All known (1, 0) SCFTs possess moduli spaces of vacua, where the conformal symmetry
is spontaneously broken, even though Poincare´ supersymmetry is preserved. The associated
NG boson ϕ is known as the dilaton, and Goldstone’s theorem implies that it becomes free
in the deep IR. It must therefore reside in a free-field representation of (1, 0) supersymmetry.
In general, the moduli space may contain various branches, on which the dilaton can reside
in different multiplets:
1.) The tensor branch is parametrized by the expectation values of real scalars residing
in (1, 0) tensor multiplets. On such a branch the SU(2)R symmetry is unbroken. The
dilaton ϕ is the bottom component of one particular linear combination of the tensor
multiplets whose scalars have acquired vevs. With the exception of a free hypermulti-
plet, all known (1, 0) SCFTs possess a tensor branch.
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2.) The Higgs branch is parametrized by the expectation values of scalars qi residing
in (1, 0) hypermultiplets, so that both the SU(2)R symmetry and conformal symmetry
are spontaneously broken. There are four NG bosons – three for the SU(2)R symmetry
and one dilaton – that reside in one particular linear combination of the hypermultiplets
that have acquired a vev. The scalars in this NG hypermultiplet can be decomposed
into a radial direction, corresponding to the dilaton, and an S3 of angular directions
parametrized by the SU(2)R NG bosons.
There are also mixed branches, on which both tensor multiplets and hypermultiplets acquire
vevs; we will not discuss them in detail.
On both tensor and Higgs branches, there is typically a superficial mismatch between
the ’t Hooft anomalies of the massless fields in the IR and the SCFT in the UV, which is
captured by the difference of the corresponding anomaly polynomials,
∆I8 = IUV8 − IIR8 . (2.4)
This mismatch is compensated by certain interactions involving the dynamical fields on the
moduli space, as well as background fields, such as the metric or the R-symmetry gauge field.
(There is also a mismatch in the Weyl anomalies, which will be discussed in section 2.3.) On
the tensor branch, the ’t Hooft anomalies are matched by GS-like interactions [65,66] involv-
ing the two-form gauge fields residing in dynamical tensor multiplets, as well as background
fields [34,55]. On the Higgs branch, there are anomaly-matching interactions between the R-
symmetry NG bosons and background fields. We will now describe them in turn.
As explained in [34,55], the ’t Hooft anomalies on the tensor branch can be matched by
a GS term in the effective Lagrangian,
− iΩIJBI ∧XJ4 ⊂ L , (2.5)
as long as the anomaly mismatch ∆I8 is a sum of squares,
∆I8 =
1
2
· ΩIJ
2π
XI4 ∧XJ4 . (2.6)
The factor of 1
2
is due to the fact that the BI are self-dual two-form gauge fields (the index I
runs over all dynamical tensor multiplets); see appendix A for a more detailed discussion.
For our purposes, the four-forms XI4 will always be linear combinations of c2(R) and p1(T ).
The matrix ΩIJ in (2.5) and (2.6) is symmetric and positive definite. It determines the Dirac
pairing between self-dual string sources that couple to the two-form gauge fields BI residing in
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the tensor multiplets,8 as well as the kinetic terms of their superpartners. (Since the BI have
self-dual field strengths, they do not possess meaningful kinetic terms.) It will be convenient
to work in a basis in which the tensor-multiplet scalars have canonically normalized kinetic
terms, so that ΩIJ = δIJ . (This differs from the normalizations in [34, 55]; in particular, our
equation (2.6) contains an additional factor of 2π.) On a rank one tensor branch described
by a single tensor multiplet we have Ω = 1 and
X4 = 16π
2 (x c2(R) + y p1(T )) , (2.7)
where x, y are real coefficients. (The prefactor is chosen for later convenience and will be
explained in section 4.1.) Substituting into (2.6) and comparing with the general form of
the anomaly polynomial in (1.7) then leads to (1.10). Note that the irreducible gravitational
anomaly p2(T ) cannot be matched by GS mechanism, and hence it must take the same value
in the UV and IR theories.
On the Higgs branch, a GS mechanism is not available and all anomalies must be ab-
sorbed using the SU(2)R NG bosons. Therefore the anomaly mismatch must be of the form
∆I8 = c2(R) ∧X4 , (2.8)
for some four-form X4. This involves neither the irreducible gravitational anomaly p2(T ),
nor the reducible one p21(T ). Therefore the UV anomaly coefficients γ and δ in (1.7) can
be expressed in terms of the quaternionic dimension dHiggs of the Higgs branch using the
anomaly coefficients of a free hypermultiplet (see Table 1),
γ = − 7
240
dHiggs , δ =
1
60
dHiggs . (2.9)
Conversely, a (1, 0) SCFT can only admit a pure Higgs branch if its gravitational anomaly
coefficients can be expressed as (2.9) for some positive integer dHiggs.
2.3. The Dilaton Effective Lagrangian and the a-Anomaly
Since conformal symmetry is spontaneously broken on the moduli space of (1, 0) SCFTs,
the low-energy theory always contains a weakly interacting massless scalar – the dilaton –
which is the NG boson of conformal symmetry breaking. We will now review the structure
8 Since the XI4 act as sources for the tensors B
I , they are constrained by Dirac quantization [34, 55].
These quantization conditions take a particularly simple form if one chooses a non-canonical normalization
for the tensor multiplets (see for instance equation (1.8) in [55]), which differs from the one used here.
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of the dilaton effective Lagrangian Ldilaton and its relation to the a-type Weyl anomaly. The
constraints of supersymmetry will be explored in subsequent sections.
Following the work of [9, 10] in four dimensions, the constraints of non-linearly realized
conformal symmetry on the low-energy effective Lagrangian of the dilaton ϕ were analyzed
in [19,20,58]. This analysis is facilitated by coupling the dilaton to a background metric gµν .
Under a local Weyl rescaling, the dilaton and the metric transform as follows,
ϕ→ e−2σϕ , gµν → e2σgµν . (2.10)
It is convenient to define the Weyl-invariant combination ĝµν =
ϕ
〈ϕ〉
gµν , where 〈ϕ〉 is the
dilaton vev.
All local curvature invariants of ĝµν lead to acceptable terms in Ldilaton, once we choose
a flat background metric gµν = δµν . For instance, the Einstein-Hilbert term for ĝµν induces a
dilaton kinetic term 1
2
(∂ϕ)2 ⊂ Ldilaton. The four-derivative terms in the dilaton Lagrangian
arise from the contraction of two Ricci tensors,
〈ϕ〉
√
ĝ R̂µνR̂
µν −→ −1
2
(∂ϕ)4
ϕ3
. (2.11)
Other curvature-squared terms give rise to terms that do not affect the flat-space dilaton
Lagrangian, and hence we will not consider them.
At the six-derivative order, conformal symmetry requires a very particular dilaton inter-
action term of the following schematic form (see [20] for a detailed discussion),
∆a
√−g logϕE6 −→ ∆a
(∂ϕ)6
ϕ6
. (2.12)
Here E6 is the Euler density and ∆a = aUV − aIR is the mismatch between the a-type Weyl
anomalies of the UV and IR theories. The Wess-Zumino-like term in (2.12) is needed to
absorb this mismatch, and it leads to a non-trivial six-derivative term for the dilaton even
if the background metric is flat. Below, we will heavily rely on the fact that the a-anomaly
appears in the flat-space effective action on the moduli space of (1, 0) SCFTs.
We can summarize the preceding discussion by writing the first few terms in the dilaton
effective Lagrangian,
Ldilaton =
1
2
(∂ϕ)2 − b (∂ϕ)
4
ϕ3
+∆a
(∂ϕ)6
ϕ6
+O (∂8) , (2.13)
11
where the expression for the six-derivative term is schematic, as in (2.12). The constant b
is a dimensionless coupling, whose definition is tied to the canonical choice of kinetic terms
in (2.13). Following [20], it is useful to note that b determines the O(p4) on-shell scattering
amplitude of four dilatons (here p denotes the overall momentum scale), which does not suffer
from field-redefinition ambiguities. A dispersion relation for this amplitude shows that b > 0
unless the dilaton is a free field, in which case b vanishes [67] (see also [9, 10, 20]). Similarly,
∆a appears at O(p6) in dilaton scattering amplitudes.
As long as the theory in the deep IR is a conventional CFT, we can treat ϕ as a decoupled
field, which only interacts with itself, up to and including six-derivative order. (See [10, 68]
for a discussion of the corresponding statement in four dimensions.) At higher orders in the
derivative expansion, we must also take into account possible couplings of ϕ to other massless
degrees of freedom in the IR, which can give rise to non-analytic terms in dilaton scattering
amplitudes. As was stated in the introduction, many (1, 0) SCFTs admit RG flows that do
not terminate in conventional CFTs. These are discussed in section 6.
3. The a-Theorem for Tensor Branch Flows
In this section, we analyze the low-energy effective action for the dilaton ϕ on the tensor
branch of a six-dimensional (1, 0) SCFT TUV. We show that supersymmetry implies that
the coefficients in (2.13) satisfy a universal relation of the form ∆a ∼ b2, with a positive,
model-independent proportionality constant. Moreover, as a consequence of unitarity, the
coefficient b in (2.13) satisfies [20]
b ≥ 0 , (3.1)
with equality in the above if and only if the dilaton is free and the associated RG flow is
trivial. So ∆a ∼ b2 implies that ∆a > 0 unless the flow is trivial, in which case ∆a = 0,
thus proving a-theorem for RG flows of (1, 0) SCFTs onto their tensor branch.
Throughout our discussion here, we assume that the massless degrees of freedom that
remain in the deep IR for the theory with non-zero expectation value on the tensor branch
constitute a genuine SCFT TIR. Since the dilaton ϕ is the NG boson of spontaneous conformal
symmetry breaking, it follows from Goldstone’s theorem that TIR consists of a (possibly
interacting) SCFT T0 and a free decoupled tensor multiplet Tϕ containing the dilaton ϕ,
TIR = T0 + Tϕ . (3.2)
The assumption that T0 is an SCFT excludes tensor branches with massless gauge fields.
If the IR theory is not a CFT, both the statement and the proof of an a-theorem require
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additional clarification. For this reason we defer a discussion of tensor branches with gauge
fields until section 6. Prototypical examples of SCFTs without gauge fields on their ten-
sor branch are the (2, 0) theories, as well as the (1, 0) theories EN describing N small E8
instantons, which will be discussed in section 5.
We now turn to the implications of (1, 0) supersymmetry for the dilaton effective ac-
tion (2.13) on the tensor branch. Here we closely follow the recent discussion of tensor-branch
effective actions with (2, 0) supersymmetry in [38]. As was explained in section 2, the dila-
ton ϕ resides in a (1, 0) tensor multiplet, together with a symplectic Weyl Fermion ψiα and a
self-dual three-form field strength H , which can be written as a symmetric bispinor Hαβ =
H(αβ). (Here α, β = 1, . . . , 4 are chiral spinor indices and i = 1, 2 is an SU(2)R doublet
index.) At the two-derivative level, they all satisfy free equations of motion,
ϕ = 0 , ∂αβψiβ = 0 , ∂
αβHβγ = 0 . (3.3)
Here ∂αβ = ∂[αβ] is a spacetime derivative in bispinor notation. The fact that H is self dual
implies that the standard quadratic Lagrangian H ∧ ∗H vanishes, so that the free theory
needs to be defined with some care (see for instance [69–71] and references therein), but this
subtlety will not affect our discussion.
Since the tensor-branch effective action is supersymmetric, the higher-derivative terms
in the pure dilaton Lagrangian (2.13) for ϕ must be completed by terms involving its super-
partners ψiα and Hαβ.
9 In order to determine whether supersymmetry leads to additional
constraints on these terms, we follow the general approach to moduli-space effective actions
advocated in [38, 50]. We first expand the dilaton in fluctuations δϕ around a fixed vev,
ϕ = 〈ϕ〉+ δϕ , (3.4)
and view the resulting Lagrangian as a deformation of a free tensor multiplet by higher-
derivative local operators constructed out the fields in this tensor multiplet and their deriva-
tives. If some term in this expansion leads to local operators that cannot be embedded in an
independent supersymmetric deformation, then that term is constrained by supersymmetry,
i.e. it satisfies a non-renormalization theorem.
To implement this procedure, we now determine the independent supersymmetric de-
formations of a single free (1, 0) tensor multiplet. Since this multiplet constitutes a (free)
9 We follow the standard rules for counting derivatives in supersymmetric moduli-space effective actions:
spacetime derivatives and the three-form field strength H have weight 1, supercharges and Fermions have
weight 1
2
, and the scalar ϕ has weight 0.
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SCFT, its supersymmetric deformations can be classified using superconformal representa-
tion theory, see [50, 51] and references therein for further details. (Below we will mention
another approach, based on scattering superamplitudes.) Unlike the (2, 0) case discussed
in [38], which admits both F - and D-term deformations, a free (1, 0) tensor multiplet can
only be deformed by full D-terms, i.e. descendants formed with all supercharges
LD = Q
8 (O) , (3.5)
where O is constructed out of fields in the tensor multiplet and their derivatives. This
is similar to the situation in four-dimensional N = 2 theories, where all higher-derivative
operators on the Coulomb branch are full D-terms [72]. In order for the deformation (3.5)
to be non-trivial, O must be the superconformal primary (i.e. the bottom component) of a
long multiplet, which does not satisfy any shortening conditions. Both O and LD must be
Lorentz scalars, and they transform in the same representation of the SU(2)R symmetry; the
eight supercharges in (3.5) are contracted to an SU(2)R singlet. The SU(2)R symmetry is
unbroken on the tensor branch, so the operator O must be an SU(2)R singlet.
The leading interaction in the dilaton effective Lagrangian (2.13) is the four derivative
term, proportional to b. Expanding it around a fixed dilaton vev as in (3.4) gives rise to an
infinite series of four-derivative terms involving n+ 4 dilatons, for all n ∈ Z≥0,
b
(∂ϕ)4
ϕ3
−→ b
(
1
〈ϕ〉3 (∂δϕ)
4 − 3 δϕ〈ϕ〉4 (∂δϕ)
4 + · · ·+O ((δϕ)n(∂δϕ)4)+ · · ·) . (3.6)
All terms in this expansion can be interpreted as arising from D-terms (3.5) of the form
Q8
(
(δϕ)n+4
)
. Therefore, supersymmetry does not constrain the coefficient b.
We now note that the six-derivative couplings in (2.13), which are proportional to ∆a,
cannot arise from a D-term (3.5). In order to see this, it suffices to list all candidate Lorentz
and SU(2)R singlet primaries O, which should contain two derivatives for (3.5) to be a six-
derivative term. However, no such O exists, as can be verified by enumerating all local
Lorentz scalar operators containing two derivatives:
• (δϕ)n(∂δϕ)2 is not a conformal primary (i.e. it is a total derivative), since ϕ = 0.
• ψiαψjβ∂αβ(δϕn) transforms in the 3 of SU(2)R, since ∂αβ = ∂[αβ] is antisymmetric.
• (δϕ)nεαβγδψiαψjβψkγψℓδ transforms in the 5 of SU(2)R, since the totally antisymmetric ε-
symbol is needed to contract the spinor indices to a Lorentz singlet.
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• Hαβ∂αβ ((δϕ)n) = (δϕ)nεαβγδψiαψjβHγδ = (δϕ)nεαβγδHαβHγδ = 0 since Hαβ = H(αβ) is
symmetric and ∂αβ = ∂[αβ] is antisymmetric.
The absence of independent six-derivative couplings implies that the six-derivative terms
in (2.13), and their superpartners, can only be induced by supersymmetrically completing
the four-derivative terms (3.6) proportional to b. Thus all six-derivative terms in the dilaton
effective Lagrangian must be proportional to b2. See [38] for various ways of understanding
this quadratic relation. Therefore the coefficient ∆a of the six-derivative term in (2.13) must
be proportional to b2, with a model-independent proportionality constant that is completely
fixed by supersymmetry. This coefficient can be determined directly, or via examining any
suitable example. For instance, it was shown in the [38] that
∆a =
98304π3
7
b2 , (3.7)
for all (2, 0) SCFTs. Since these are also particular examples of (1, 0) SCFTs, the rela-
tion (3.7) continues to hold on the tensor branch of all (1, 0) theories, due to the non-
renormalization theorem derived above.10
ϕ
❀❀
❀❀
❀❀
❀❀
❀ ϕ
✄✄
✄✄
✄✄
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✄
ϕ /.-,()*+b
ϕ /.-,()*+b ϕ
ϕ
✆✆✆✆✆✆✆✆✆
ϕ
✾✾✾✾✾✾✾✾✾
Figure 1: Factorization of a six-point dilaton amplitude proportional to ∆a through a pair
of four-point amplitudes proportional to b. This explains the quadratic relation ∆a ∼ b2.
As in [38], the fact that ∆a is proportional to b2 can also be understood by examining
tree-level scattering amplitudes of the fields in the dilaton multiplet. The implications of (1, 0)
supersymmetry on local tensor multiplet supervertices were analyzed in [59], where it was
shown that these constraints are incompatible with the existence of an independent six-point,
six-derivative supervertex. Any six-point, six-derivative treel-level amplitude of fields in the
dilaton multiplet must therefore factorize through a product of four-point, four-derivative
10 It is interesting to contemplate the extent to which a relation like (3.7), which was derived using
spontaneously broken conformal symmetry, as well as supersymmetry, continues to apply if we relax some of
these assumptions. See for instance the discussion around equation (2.7) in [?]. We thank J. Maldacena for
suggesting this possibility, and for related discussions.
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amplitudes (see Figure 1), which again leads to the quadratic relation ∆a ∼ b2. Similar
techinques have recently been used to argue for supersymmetry relations between various
higher-derivative couplings in diverse dimensions [73–75], including those previously obtained
using the methods of [76, 77].
The universal quadratic relation in (3.7) immediately implies the a-theorem for tensor-
branch flows. As was reviewed above, b > 0 unless the dilaton is a free field, in which
case b = 0. Therefore ∆a > 0 for all non-trivial RG flows of (1, 0) SCFTs onto their tensor
branch. This argument for the a-theorem is identical to that given in [38] for tensor-branch
flows of (2, 0) theories (see also [19]), since the crucial relation (3.7) is the same in both cases.
4. Relating the a-Anomaly to ’t Hooft Anomalies
In this section we derive formula (1.6), which relates the a-anomaly to the coeffi-
cients α, β, γ, δ that appear in the anomaly polynomial (1.7). As in the previous section,
we consider RG flows onto the tensor branch, where the dilaton is in a tensor multiplet. We
show that supersymmetry relations among the anomaly-matching interactions imply that the
changes in the anomaly coefficients along such flows must satisfy
∆a =
16
7
(∆α−∆β +∆γ) . (4.1)
In order to establish this relation, we couple the theory to background conformal supergravity
fields. This reveals a universal linear relation, required by superconformal symmetry, between
the coefficients of the GS couplings in (2.5) and the coefficient b of the four-derivative dilaton
interaction in (2.13). The former are quadratically related to ∆α,∆β,∆γ by the GS mecha-
nism, as in (1.10), while b is quadratically related to ∆a by supersymmetry, as in (3.7), and
together these lead to (4.1). This only leaves the coefficient of δ in (1.6) undetermined, which
can be fixed by examining the anomalies of a free hypermultiplet.
4.1. Rank One Tensor Branches
We first consider a rank one tensor branch, which is described by a single tensor mul-
tiplet. We show that the coefficient b in (2.13) is given by a particular linear combination
of the coefficients x, y in (2.7), which determine the GS term (2.5) that is needed to match
the SU(2)R and gravitational anomalies on the tensor branch.
The GS term (2.5) involves the background metric and background SU(2)R gauge field.
To supersymmetrize these interactions, in the spirit of [78], these fields should be embedded
in a rigid, background supergravity multiplet. Since the dilaton effective action is super-
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conformal, the appropriate choice is the (1, 0) superconformal gravity multiplet constructed
in [79] and further explored in [80,81,60,82] (see [83] for a recent discussion). We will mostly
rely on [60], which uses the conventions of [79]. The independent fields that describe the
tensor multiplet containing the dilaton coupled to conformal supergravity are given by11
(
ϕ, ψiα , Bµν , gµν , ψ
αi
µ , A
ij
µ
)
. (4.2)
The dilaton ϕ and the fermion ψiα reside in the N = (1, 0) tensor multiplet. The field strength
of the two-form Bµν has both a self-dual and an anti self-dual part. Roughly speaking, the
self-dual part can be identified with the self-dual three-form field strength H of the (1, 0)
tensor multiplet, to which it reduces when the conformal supergravity fields are set to zero.
The anti-self-dual part of Bµν resides in the background gravity multiplet, together with
the metric gµν , gravitino ψ
αi
µ , and the SU(2)R gauge field A
ij
µ = A
(ij)
µ . Here A
i
j = A
i
µj
dxµ
is a traceless Hermitian matrix in the fundamental representation of SU(2)R, with field
strength F ij =
1
2
F ijµνdx
µ ∧ dxν given by
F = dA− iA ∧ A . (4.3)
The SU(2)R indices are raised and lowered with a two-index ε-symbol according to the
conventions of [79]. Since the second Chern class c2(R) is normalized so that it integrates
to 1 on a minimal SU(2)R instanton in flat space (more precisely on S
4), we have
c2(R) =
1
8π2
tr (F ∧ F ) , (4.4)
where tr denotes the trace in the fundamental representation of SU(2)R, i.e. over the matrix
indices of F ij.
Whenever the dilaton ϕ has a non-zero vev, as is the case on the tensor branch, we can
set ϕ = 〈ϕ〉 to a constant by a local Weyl rescaling. Equivalently, we can follow the discussion
in section 2.3 and define a Weyl-invariant metric ĝµν =
ϕ
〈ϕ〉
gµν , which is equal to gµν in the
gauge ϕ = 〈ϕ〉. We can similarly remove the fermion ψiα by gauge fixing the local special con-
formal transformations. The transformation rules for the remaining fields Bµν , A
ij
µ , gµν , ψ
αi
µ
are modified in order to preserve these gauge choices. We can then write Lagrangians that are
invariant under local supersymmetry transformations, diffeomorphisms, and SU(2)R gauge
transformations. The dependence on the dilaton is easily restored by performing a local Weyl
11 This field content is described in appendix C of [79] and section 3 of [60]. We follow their conventions,
up to the following changes in notation: ϕus = σthem and
(
A
ij
µ
)
us
= − i
2
(
V
ij
µ
)
them
.
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rescaling (2.10) with parameter σ ∼ logϕ.
Fortuitously, the needed supergravity completion of the GS term (2.5) was already
worked out long ago, in the context of six-dimensional R2 supergravity [80, 60, 82]. There
are two independent terms, corresponding to the two coefficients x, y appearing in X4 in
(2.7). They can be found in equations (B.1) and (C.1) of [60], in the gauge where ϕ = 〈ϕ〉
is a constant. Here we will only display those terms that will be important for us: the pure
curvature-squared terms, and the GS terms, which in our notation are
L
R
2 = 〈ϕ〉√g
((
y − x
4
)
RµνρλRµνρλ +
3
2
xR[µν
µνRρσ]
ρσ
)
, (4.5a)
LGS = 16iπ
2B ∧ (x c2(R) + y p1(T )) . (4.5b)
Here Rµνρλ is the Riemann curvature tensor (we follow the curvature conventions explained
in section 2 of [60]) and we have used the fact that the first Pontryagin class is
p1(T ) =
1
8π2
tr (R ∧R) , (4.6)
where tr is a trace over SO(6) tangent frame indices.
As was explained around (2.11) (see also section 3.2 of [20]), the four-derivative dilaton
coupling with coefficient b only arises from the contraction of two Ricci tensors; we can drop
contributions involving the Weyl tensorWµν
αβ or the Ricci scalar R from the Riemann tensor
Rµν
αβ = Wµν
αβ + δ
[α
[µR
β]
ν] −
1
10
δα[µδ
β
ν]R . (4.7)
Substituting this into (4.5a) and taking the flat space limit then leads to
L
R
2 −→ −1
2
(y − x) (∂ϕ)
4
ϕ3
. (4.8)
This establishes our desired relation between the dilaton and tensor interactions:
b =
1
2
(y − x) ≥ 0 . (4.9)
Unitarity requires that the overall sign of x and y, which is undetermined by the GS mecha-
nism, should be chosen so that b ≥ 0 [20].
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The coefficients x and y in (4.5b) give the GS contribution (2.6) and (2.7),
∆I8 =
1
4π
X24 = 64π
3
(
x2c22(R) + 2xy c2(R)p1(T ) + y
2p21(T )
)
. (4.10)
So x and y are related to the changes in the anomaly coefficients (1.7) as follows,
∆α = 1536π3x2 , ∆β = 3072π3xy , ∆γ = 1536π3y2 . (4.11)
Substituting (4.9) into (3.7) we find that
∆a =
24576π3
7
(x− y)2 . (4.12)
Using (4.11), this finally leads to
∆a =
16
7
(∆α−∆β +∆γ) . (4.13)
4.2. Tensor Branches of Higher Rank
We may reach a general point on a higher dimensional tensor branch by a sequence of
rank one flows, each as in the previous subsection. This implies that
∆α = 1536π3~x · ~x , ∆β = 3072π3~x · ~y , ∆γ = 1536π3~y · ~y (4.14)
where ~x · ~y ≡∑I,J ΩIJxIyJ , summed over all tensor multiplets, and
∆a =
24576π3
7
(~x− ~y)2 . (4.15)
This shows that the same relation (4.13) still holds. Since ΩIJ is positive definite, the
conclusion that ∆a ≥ 0 also remains valid.
4.3. A Universal Formula for the a-Anomaly
The relation (4.13) for the changes of the anomalies on the tensor branch implies that a
universal linear relation between the a-anomaly and the ’t Hooft anomaly coefficients α, β, γ, δ
must take the form
a =
16
7
(α− β + γ) +Kδ . (4.16)
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The Kδ term drops out in ∆a because ∆δ = 0 everywhere on the moduli space. The constant
K, which we expect is also fixed by supersymmetry, can be determined by evaluating both
sides of (4.16) for any known example SCFT with δ 6= 0. For example, for a free (1, 0)
hypermultiplet (see Table 1) a = 11
210
, α = β = 0, γ = 7
240
, and δ = − 1
60
. Substituting
into (4.16) gives K = 6
7
, which leads to our formula (1.6) for the a-anomaly:
a =
16
7
(α− β + γ) + 6
7
δ . (4.17)
It is a non-trivial check that this formula is also consistent with the anomaly coefficients of
a free (1, 0) tensor multiplet and all (2, 0) SCFTs, as summarized in Table 1.
5. Example: The Theory of N Small E8 Instantons
We can now use our formula (4.17) to compute the a-anomaly for (1, 0) SCFTs whose ’t
Hooft anomalies are known, and to study RG flows between such theories. In this section, we
consider the SCFT EN on the worldvolume of N small, coincident E8 instantons in heterotic
string theory [39,23]. From the M-theory viewpoint, the theory EN arises when N coincident
M5-branes are embedded in the Horˇava-Witten wall [84], as illustrated in Figure 2(a). It
is convenient to include the center of mass mode of the M5-branes, which is described by a
free hypermultiplet, in the definition of EN . The anomaly polynomial of EN was determined
in [61, 34],
α = N(4N2 + 6N + 3) , β = −N
2
(6N + 5) , γ =
7N
8
, δ = −N
2
. (5.1)
Substituting into (4.17) then leads to
a(EN) =
64
7
N3 +
144
7
N2 +
99
7
N . (5.2)
This theory has a (partial) tensor branch that corresponds to separating a single M5-
brane from the wall, as illustrated in Figure 2(b). The degrees of freedom that remain in the
deep IR consist of N − 1 small E8 instantons EN−1 embedded in the wall, together with a
free (2, 0) tensor multiplet (for which a = 1) that describes the motion of the separated M5
brane. As was emphasized in [55], the mismatch between the UV and IR ’t Hooft anomalies
is a perfect square (see appendix A for a discussion of the pre-factor 1
2
),
∆I8 =
1
2
(
−Nc2(R) +
1
4
p1(T )
)2
. (5.3)
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Figure 2: M-Theory description of the (1, 0) SCFT EN of N small E8 instantons. In (a) there
are N M5-branes (represented by dots) embedded in the Horˇava-Witten wall. In (b) a flow
onto the tensor branch is initiated by pulling a single M5-brane off the wall. In (c) a Higgs
branch flow is initiated by dissolving the branes inside the wall.
Comparing with (4.11), we find that in our normalization
x = − 1
8π
√
2π
N, y =
1
4
· 1
8π
√
2π
, (5.4)
where the overall sign of x and y has been choose so that the coefficient b = 1
2
(y−x) in (4.9)
is positive, as required by unitarity. We can either use (5.2), or (4.12) and (5.4), to compute
the change in the a-anomaly along this tensor branch RG flow,
∆a = a(EN)− a(EN−1)− 1 =
24576π3
7
(y − x)2 = 12
7
(4N + 1)2 . (5.5)
In accord with the general results of section 3, we see that ∆a is positive and proportional
to a perfect square.
It is interesting to investigate RG flows of EN onto its Higgs branch. Our general results
do not automatically imply the a-theorem for such flows, even though we expect it to hold. As
was reviewed in section 2.2, only the coefficients α and β in the anomaly polynomial (1.7) can
change along Higgs branch flows, since they are matched by the R-symmetry NG bosons,
while γ and δ must remain inert. Recalling the discussion around (2.9), we see that the
gravitational anomalies of EN in (5.1) are consistent with a Higgs branch of dimension 30N .
Such a branch exists, and corresponds to dissolving the M5-branes inside the wall (see Figure
21
2(c)). The geometry of the Higgs branch is described by the moduli space of N E8 instantons,
which has quaternionic dimension 30N . The change in the a-anomaly for the flow onto
the Higgs branch is readily computing using (5.2) and the a-anomaly a = 11
210
of a free
hypermultiplet (see Table 1),
∆a = a(EN)− 30N ·
11
210
=
64
7
N3 +
144
7
N2 +
88
7
N . (5.6)
This is manifestly positive, thus verifying the a-theorem for this flow.
6. Tensor Branches with Vector Multiplets
So far we have intentionally restricted our attention to (1, 0) RG flows that terminate
in a genuine SCFT in the deep IR. In particular, we have only discussed theories whose
moduli-space effective actions do not contain massless gauge fields. However, such examples
are rare. The simple examples of interacting (1, 0) SCFTs originally discussed in [24] have
vector multiplets on the tensor branch, and there is by now a vast landscape of theories that
share this feature. (See the introduction for a brief survey with references.) In this section we
extend the preceding analysis to such theories. As discussed in section 2.1, if the low-energy
theory on the tensor branch contains Yang-Mills fields with field strength f , the anomaly
polynomial I8 cannot contain any irreducible gauge anomaly c4(f). Possible reducible gauge
anomalies of the form c22(f) must be cancelled by a GS-like mechanism [65, 66], which leads
to a GS term that is related to the gauge kinetic terms by supersymmetry [85, 24],
− iB ∧ c2(f) + ϕTr(f 2) . (6.1)
The fact that the Yang-Mills kinetic terms depend linearly on the dilaton ϕ is required by
the (spontaneously broken) conformal invariance of the theory, as emphasized in [24].
6.1. Scale and Conformal Invariance on the Tensor Branch
As was already mentioned in section 3, the coupled tensor-vector theory in (6.1) is
conformally invariant, i.e. it possesses a well-defined traceless stress tensor, due to the ϕ-
dependent kinetic terms for the Yang-Mills field f . On the tensor branch, the vev of ϕ
induces a standard kinetic term for the gauge fields, with gauge coupling g−2 ∼ 〈ϕ〉. Since g
has mass dimension −1, the Yang-Mills theory becomes free in the deep IR. However, IR free
gauge theories in d > 4 spacetime dimensions are not genuine CFTs, since their stress tensors
have a non-zero trace T µµ ∼ Tr(f 2) (see for instance [62]). (By contrast, free gauge fields are
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conformally invariant in four dimensions.) They are, in a sense, scale invariant (they possess
a conserved dilatation charge), although there is no gauge-invariant scale current. In accord
with standard terminology, we will refer to such scale-invariant but non-conformal theories
as SFTs. (See for instance [68, 86–89] and references therein for a recent discussion of such
theories.)
Even though it is believed that the (1, 0) SCFTs we are considering are conformally
invariant, the preceding discussion implies that RG flows onto tensor branches with massless
gauge fields terminate in an IR theory that is an SFT, but not a genuine CFT. Similar
phenomena occur in the deep IR of many supersymmetric RG flows in five dimensions. By
contrast, in four dimensions we are not aware of non-trivial RG flows from an interacting
CFT in the UV that terminate in an SFT in the IR. In three dimensions, the gauge coupling
is relevant, and there are many examples of non-trivial RG flows from an SFT in the UV to
a CFT in the IR.
In light of the preceding discussion, it is natural to search for an extension of the a-
theorem to six-dimensional RG flows between a CFT in the UV and an SFT in the IR. In the
remainder of this section, we will formulate and investigate such a generalization, focusing
on RG flows of (1, 0) SCFTs onto tensor branches with gauge fields. An immediate challenge
is that a suitable analogue of the a-anomaly need not obviously exist for all SFTs. In CFTs,
there are many equivalent definitions: we can define the a-anomaly through the anomalous
trace of the stress tensor Tµν in a gravitational background, as in (1.1), or in terms of the
four-point function of Tµν in flat space. For (1, 0) SCFTs, we have argued that the a-anomaly
may also be expressed in terms of ’t Hooft anomalies as in (1.6), which we repeat here,
a =
16
7
(α− β + γ) + 6
7
δ . (6.2)
By contrast, in an SFT these various candidate definitions may not agree, or even make
sense. For instance, in an SFT the stress tensor need not be traceless, while the definition
of a via (1.1) assumes that T µµ is a redundant operator, whose flat-space correlation functions
are pure contact terms.
For the purposes of our discussion of RG flows in (1, 0) theories, we choose to define
the value of a in supersymmetric SFTs in terms of their ’t Hooft anomalies, via (6.2). We
can use the ’t Hooft anomalies in Table 1 to compute the value of a for a free theory of nh
hypermultiplets, nt tensor multiplets, and nv vector multiplets,
a =
1
210
(11nh + 199nt − 251nv) . (6.3)
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The a-anomalies for hypermultiplets and tensor multiplets are well defined and were com-
puted in [3,57]. According to our definition, the value of a for a free vector multiplet (which
follows from (6.2) and the ’t Hooft anomalies summarized in Table 1) is negative.
Although surprising, this feature has a precedent in four dimensions. A simple four-
dimensional SFT with N = 1 supersymmetry is the theory of a linear multiplet, which is
dual to a free chiral multiplet with a shift symmetry. The shift symmetry forces us to assign
vanishing U(1)R charge to the scalar in the chiral multiplet, so that its fermionic superpartner
has R-charge −1. If we attempt to define the value of the a-anomaluy in this theory by
extending the relation (1.4) between the a-anomaly and the U(1)R symmetry anomalies that
holds in SCFTs, we find that a = − 3
16
< 0.
Returning to six dimensions, it is tempting to search for an interpretation of the nega-
tivity of the a-anomaly, e.g. by embedding the unitary SFT of a free vector multiplet into a
non-unitary CFT as in [62].12 Another puzzling aspect of (6.3) is that it assigns a negative
value ∆a < 0 to Higgsing, where a vector multiplet pairs up with a hypermultiplet to become
massive, so that ∆nh = ∆nv = 1.
Given the above, we would like to emphasize that the a-anomaly of a genuine unitary
CFT in six dimensions is expected to be positive, as has been shown in two and four dimen-
sions [5, 12]. In six dimensions, the positivity of a for all unitary CFTs has not yet been
established.13 (See [18] for a general discussion of positivity constraints on a and ∆a from
holography.) Below, we will consider explicit examples of unitary RG flows from UV CFTs
to IR SFTs such that aIR < 0. However, in those examples the anomaly deficit ∆a between
the UV and the IR theories is always sufficiently positive to ensure that aUV > 0. We note
in passing that the a-theorem only requires that a > 0 for theories that can be deformed to
a gapped phase. It follows from the results of [50, 51] (see also [52]) that this is not possible
for (1, 0) theories while maintaining supersymmetry. (See [93] for a related discussion in four
dimensions.)
6.2. The a-Theorem for Tensor Branch Flows with Vector Multiplets
We would now like to state and prove an extension of the a-theorem for flows onto
tensor branches of (1, 0) SCFTs that contain vector multiplets, so that the IR theory is
an SFT. Within the framework established above, it is straightforward to argue that the
inequality ∆a > 0 continues to hold for all RG flows of unitary (1, 0) SCFT onto their
12 A concrete interpretation along similar lines was subsequently proposed in [90].
13 The generalization of the arguments in [12] to six dimensions only constrains the c-type Weyl anomalies,
but not the a-anomaly [91] (see also [92]).
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tensor branch, even in the presence of vector multiplets. This follows straightforwardly from
the definition (6.2) of a in terms of ’t Hooft anomalies, and the fact that the GS anomaly-
matching mechanism for these anomalies implies that ∆α − ∆β + ∆γ is a sum of squares,
and hence positive (see also section 4.2). This argument is not affected by the fact that the
IR theory is an SFT.
More physically, the change ∆a as defined by the ’t Hooft anomalies continues to de-
termine the six-point, six-derivative scattering amplitudes of the dilaton, even if there are
vector fields on the tensor branch and the dilaton couples to them via ϕTr(f 2), as in (6.1).
This is easy to see by generalizing the discussion at the end of section 3. Recall that the
results of [59] imply that there is no independent six-point, six-derivative supervertex for the
dilaton, so that this amplitude factorizes through lower-point amplitudes. However, the ver-
tex ϕTr(f 2) cannot contribute to this factorization. Hence, the presence of vector multiplets
does not modify the arguments in sections 3 and 4 that lead to the relation between ∆a and
the changes of ’t Hooft anomalies in (4.13).
6.3. Unitarity Constraints on Tensor Branch Effective Actions
As discussed at the end of section 6.1, we expect that a > 0 for unitary CFTs. In the
context of RG flows of (1, 0) theories onto their tensor branch, this amounts to
aUV = aIR +∆a =
16
7
(∆α−∆β +∆γ) + aIR > 0 . (6.4)
Even though we have argued that ∆a > 0, the value of aIR may be negative if the IR
theory contains sufficiently many vector multiplets. In this case (6.4) constitutes a non-
trivial constraint on the matter content and the GS couplings of the tensor-branch effective
theory. An example will be discussed below.
6.4. Example: The Theory of M5-Branes Probing an Orbifold
An SCFT TN,Γ with vector multiplets on the tensor branch can be constructed by plac-
ing N M5-branes on the orbifold singularity C2/Γ, where Γ is a discrete subgroup of SU(2).
We define these theories with their free center of mass mode, which is a (1, 0) tensor multiplet,
included. Various aspects of these systems have been described in [40–45].
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The ’t Hooft anomalies for these theories were computed in [34]
α = |Γ|2N3 − 2N |Γ|(rΓ + 1) + 2N + dΓ , β = N −
1
2
N |Γ|(rΓ + 1) +
dΓ
2
,
γ =
1
8
N +
7dΓ
240
, δ = −1
2
N − dΓ
60
. (6.5)
Here |Γ| is the order of the discrete group, while rΓ and dΓ are the rank and dimension of
the associated ADE Lie group G (see Table 2 below).
Γ Zk Dk T O D
G SU(k) SO(2k + 2) E6 E7 E8
|Γ| k 4k 24 48 120
rΓ k − 1 k + 1 6 7 8
dΓ k
2 − 1 2k2 + 3k + 1 78 133 248
Table 2: Group theory coefficients for discrete groups Γ. The group Dk is the binary dihedral
group of order 4k. The groups T,O,D are respectively the binary tetrahedral, octahedral,
and dodecahedral subgroups of SU(2). The ADE group G is associated to Γ by the McKay
correspondence.
The formula (1.6) then determines the Weyl a-anomaly:
a(TN,Γ) =
16
7
N3|Γ|2 − 24
7
N |Γ|(rΓ + 1) +
15
7
N +
251
210
dΓ . (6.6)
When Γ is trivial, this reduces to the (2, 0) conformal anomaly [38]. The fact that aTN ≈ 167 N3
for these theories was first found via AdS/CFT [35,57]. The extra factor of |Γ|2 that multiplies
the leading N3 behavior in the orbifold case can similarly be understood from holography on
AdS7× (S4/Γ): the modified volume of S4/Γ contributes a factor of 1/|Γ|, but we must also
change N → |Γ|N to get the same amount of flux (i.e.M5-branes). Note that, as expected
a(TN,Γ) > 0 in all cases, consistent with the interpretation of this system as a unitary SCFT.
To study various RG flows, let us restrict to the special case Γ = Zk. By reducing from
M-theory to type IIA, this theory can then be given a brane interpretation as N coincident
NS5-branes embedded inside a stack of k D6-branes (see e.g. Figure 3(a).)
The low-energy field content of the tensor branch of this theory can be readily seen from
the brane diagram illustrated in Figure 3(b). By separating the stack of M5-branes along
the C2/Zk singularity we arrive at a theory with the following fields:
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Figure 3: The orbifold theory and its RG flows. In (a) there are N NS5-branes (represented
by dots) embedded in a stack of k D6-branes. In (b) the flow onto the tensor branch is
obtained by separating the NS5-branes inside the D6-branes. In (c) the flow onto a mixed
branch is obtained by moving the NS5-branes off of the D6-branes.
• N (1,0) tensor multiplets. The expectation values of the scalars in these multiplets
parameterize the motion of the NS5-branes along the D6 branes.
• Vector multiplets for (N − 1) copies of SU(k) gauge groups. These arise on the finite
slabs of D6-branes bounded by NS5-branes. The non-compact D6-branes give rise to
an SU(k)× SU(k) global symmetry. Note that all U(1) gauge and global symmetries
of this system are anomalous and lifted from the spectrum.
• Nk2 hypermultiplets. These arise from string modes connecting adjacent slabs of D6-
branes which are separated by an NS5-brane. They therefore transform as bifunda-
mentals under adjacent SU(k) groups.
From this description of the matter content, we may readily evaluate the infrared value of
the a-anomaly on the tensor branch as
aTensor =
15
7
N − 8
7
Nk2 +
251
210
(k2 − 1) . (6.7)
For general values of N and k > 1, this expression can be negative, due to the negative
contribution of the vector multiplets. However, the change ∆a, which can be computed
using (6.6), is positive, as required by our general arguments.
The change in the ’t Hooft anomalies between the UV theory at the origin and the IR
theory on the tensor branch is
∆α = Nk2(N2 − 1) , ∆β = 0 , ∆γ = 0 . (6.8)
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The constraint of section 6.3 then reads
aUV =
16
7
∆α + aTensor > 0 , (6.9)
which is indeed satisfied, even though aTensor can be negative.
We can also flow onto a mixed branch. This is achieved by a motion of the of the NS5-
branes transverse to the singularity as illustrated in Figure 3(c). At low-energies, the resulting
theory is described by N free (1, 0) tensor multiplets together with N hypermultiplets probing
the singularity C2/Zk. We therefore have
aMixed = N , (6.10)
which is positive, since the low-energy theory does not contain any vector multiplets. Note
that the naive extension of the a-theorem to flows from the tensor to the mixed branche is
false because aTensor < aMixed. However, as expected, the full RG flow from the UV CFT TN,Γ
onto the mixed branch in the IR does satisfy the a-theorem a(TN,Γ) > aMixed.
It would be interesting to consider RG flows of other theories onto Higgs and mixed
branches (see e.g. [48, 49]), and further investigate the monotonicity properties of a.
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A. Green-Schwarz Mechanism for Chiral Scalars
Throughout the paper, various Green-Schwarz (GS) terms for chiral two-form gauge
fields, with self-dual three-form field strengths, in six spacetime dimensions have played an
important role. Their contribution to the anomaly eight-form polynomial was explained in
section 2.2, including a crucial factor of 1
2
in (2.6) that follows from the self-duality constraint.
Here we briefly review an analogous phenomenon in the simpler context of chiral scalars in
two spacetime dimensions. It may be helpful to keep in mind the description of the chiral
28
boson in terms of a free chiral fermion. Here we emphasize the bosonic point of view, because
of the analogy with chiral two-form gauge fields in six dimensions.
It is convenient to describe the chiral scalar using a Lagrangian, at the expense of
manifest Lorentz invariance. Following [94, 95] (see also [71]), we consider the following
Lagrangian for a real field φ(x, y) (its relation to the chiral scalar will be described below),
L =
Ω
2
∂xφ
(
∂xφ+ iσ∂yφ
)
, σ = ± . (A.1)
We work in Euclidean signature.14 The normalization factor Ω > 0 is analogous to the ma-
trix ΩIJ that appears in (2.5) and (2.6). (Canonically normalized kinetic terms are obtained
by setting Ω = 1.) The sign factor σ will turn out to determine the chirality of the scalar.
This can be seen by varying (A.1) to obtain the following equation of motion,
(
∂x + iσ∂y
)
∂xφ = 0 . (A.2)
We can therefore introduce a one-form J that satisfies
J = ∂xφ (dx+ iσdy) , ∗J = −iσJ , dJ = 0 . (A.3)
The (anti-) self-dual one-form J is simply the conserved current corresponding to the U(1)
flavor symmetry carried by the chiral scalar.
It is a standard fact that the chiral U(1) current in (A.3) has a non-zero ’t Hooft anomaly,
which can be exhibited by coupling J to a background gauge field A,
LA = L + Ω
(
JxAx + JyAy
)
=
Ω
2
∂xφ
(
∂xφ+ iσ∂yφ
)
+ Ω ∂xφ
(
Ax + iσAy
)
. (A.4)
Here we have included a factor of Ω in the J-A coupling to mirror the conventions used
in (2.5). The equations of motion (A.2) are deformed to
∂x
(
(∂xφ+ Ax) + iσ
(
∂yφ+ Ay
) )
= 0 . (A.5)
They are manifestly invariant under background gauge transformations
δA = dλ , δφ = −λ , λ = λ(x, y) . (A.6)
14 Wick rotating to Lorentzian signature replaces ∂y → −i∂t, so that the Lagrangian (A.1) becomes real.
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By contrast, the Lagrangian (A.4) is not invariant,
δLA = −Ω ∂xλ
(
Ax + iσAy
)
+ (total derivative) . (A.7)
As befits an anomaly, this non-invariance cannot be removed using the available local coun-
terterms A2x, A
2
y, and AxAy. However, they can be tuned to covariantize the variation (A.7),
δ
(
LA +
Ω
2
A2x +
iσΩ
2
AxAy
)
=
iσ
2
ΩλF + (total derivative) , F = dA . (A.8)
This expression manifests the factor of 1
2
discussed at the beginning of this appendix. Note
that the sign of the anomaly depends on the chirality σ of the scalar, consistent with the
fact that the shift symmetry of a non-chiral scalar does not have an anomaly. The varia-
tion (A.8) can be accounted for by a contribution to the anomaly four-form polynomial. In
the conventions of section 2.1,
∆I4 =
σ
2
· Ω
2π
F ∧ F . (A.9)
This equation is the two-dimensional analogue of the six-dimensional formula (2.6). There
the overall sign was also fixed by the chirality of the two-form gauge fields in tensor multiplets,
which is determined by supersymmetry.
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